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We characterize the functions which are inﬁnite products of quasi-continuous functions.
We show in particular that each cliquish function is such a product, and we conclude that
the Π-classiﬁcation generated by the family stabilizes from the second class on.
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The letters R and N denote the real line and the set of positive integers, respectively. Throughout the paper X is some
metric space with the metric  unless otherwise explicitly stated. We use the symbol B(x, r) to denote the open ball with
the radius r centered at x, and we deﬁne B(A, r)
df=⋃x∈A B(x, r) for each A ⊂ X . For each set A ⊂ X , we use the symbols
int A, cl A, bd A, and χA to denote the interior, the closure, the boundary, and the characteristic function of A, respectively.
The word function denotes a mapping from X into R unless otherwise explicitly stated. Let f be a function. For each
a ∈ R, we deﬁne
[ f = a] df= {x ∈ X: f (x) = a}.
Similarly we deﬁne the symbols [ f > a], [ f < a] and [ f = a]. If A ⊂ X is nonvoid, then let osc( f , A) be the oscillation of f
on A; i.e.,
osc( f , A)
df= sup{∣∣ f (x) − f (t)∣∣: x, t ∈ A}.
Deﬁnition 1. We say that f is Baire, if the inverse image of each open set by f has the Baire property; i.e., it is open modulo
a meager set. We will denote the family of all Baire functions by B(X).
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3102 K. Chmielewska, A. Maliszewski / Topology and its Applications 156 (2009) 3101–3108The notion of quasi-continuity was introduced by Kempisty [5].
Deﬁnition 2. We say that f is quasi-continuous in the sense of Kempisty at a point x ∈ X , if for each ε > 0 and each open
set U  x, there is a nonvoid open set V ⊂ U such that osc( f , {x} ∪ V ) < ε. We say that f is quasi-continuous, if it is
quasi-continuous at each point x ∈ X . We will denote the family of all quasi-continuous functions by Q(X).
We will also need the notion of cliquishness introduced by Thielman [6].
Deﬁnition 3. We say that f is cliquish at a point x ∈ X , if for each ε > 0 and each open set U  x, there is a nonvoid open
set V ⊂ U such that osc( f , V ) < ε. We say that f is cliquish, if it is cliquish at each point x ∈ X . We will denote the family
of all cliquish functions by Cq(X).
Remark 4. Clearly Q(X) ⊂ Cq(X) ⊂ B(X).
In [4] we investigated inﬁnite products of functions.
Deﬁnition 5. Let ( fn) be any sequence of functions. If the sequence of the partial products of
∏∞
n=1 fn is pointwise con-
vergent to some function f (i.e., if limk→∞
∏k
n=1 fn(x) = f (x) for each x ∈ X ), then we call f the (inﬁnite) product of the
sequence ( fn) and write f =∏∞n=1 fn .
Remark 6. In calculus it is standard to call an inﬁnite product of real numbers divergent, if the sequence of its partial
products is convergent to 0; in particular, one does not allow the factors to be equal to 0. Notice that this is not the case in
the above deﬁnition.
For brevity, we introduce the following notation.
Deﬁnition 7. If F is any family of functions, then the symbol ΠB1(F) denotes the family of all inﬁnite products of sequences
of functions from F.
Following the classical thesis of R.-L. Baire [1], we introduce the notion of a Π -classiﬁcation.
Deﬁnition 8. Let F be a family of functions. We put ΠB0(F)
df= F, and for each nonzero ordinal α, we deﬁne
ΠBα(F)
df= ΠB1
( ⋃
β<α
ΠBβ(F)
)
.
Remark 9. Clearly the family B(X) is closed with respect to inﬁnite products and inﬁnite sums, and the family Cq(X) is
closed with respect to ﬁnite products and ﬁnite sums. Using [2, Remark 2] it is easy to show that ΠB1(Cq(X)) = B(X) for
every topological space X .
The main goal of this article is to characterize the family ΠB1(Q(X)), where X is a metrizable space. We will prove the
following theorem.
Theorem 10. For each function f , the following are equivalent:
(a) f ∈ ΠB1(Q(X)),
(b) f ∈ B(X) and
the set A f df= cl[ f > 0] ∩ cl[ f < 0] ∩ [ f = 0] is meager. (1)
First we will verify the necessity of (b).
Proof of (a)⇒ (b). Let ( fn) be a sequence of quasi-continuous functions such that f = ∏∞n=1 fn . Clearly f ∈ B(X). By
contradiction, assume A f is nonmeager. For each k, deﬁne πk df=∏kn=1 fn . For all l,m ∈ N and j ∈ {1,2}, let
A j
df= {x ∈A f : (∀km) (−1) jπk(x) > 1/l}.l,m
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⋃
l,m∈N
⋃2
j=1 A
j
l,m =A f , so some A jl,m is not nowhere dense. Let U be a nonvoid open subset of cl A jl,m . Since πm is
cliquish, there is a nonvoid open set V ⊂ U such that
osc(πm, V ) < 1/l. (2)
Assume j = 1. (The other case is analogous.) Since A jl,m ⊂A f ⊂ cl[ f > 0], there is a t ∈ V ∩ [ f > 0]. We will show that
πk(t) < 0 for each km. (3)
We proceed by induction. First take any x ∈ V ∩ A1l,m and notice that by the deﬁnition of the set A1l,m and (2),
πm(t) πm(x) +
∣∣πm(t) −πm(x)∣∣< −1/l + osc(πm, V ) < 0.
Now assume that πk(t) < 0 for some k m. Observe that f (t) > 0 implies fk+1(t) = 0. Since fk+1 ∈ Q(X), there is a
nonvoid open set W ⊂ V such that
osc
(
fk+1, {t} ∪ W
)
<
∣∣ fk+1(t)∣∣.
Take any x ∈ W ∩ A1l,m . Then both πk(x) and πk+1(x) are negative. So,
max
{
fk+1(t),0
}= fk+1(t) + | fk+1(t)|
2
>
fk+1(t) + osc( fk+1, {t} ∪ W )
2
 fk+1(t) + | fk+1(x) − fk+1(t)|
2
 fk+1(x)
2
= πk+1(x)
2πk(x)
> 0,
whence fk+1(t) > 0. Using the induction assumption we obtain
πk+1(t) = πk(t) fk+1(t) < 0.
We have proved (3). It follows that
0< f (t) = lim
k→∞
πk(t) 0,
an impossibility. This completes the proof. 
Next we shall prove the suﬃciency of (b). From now on we assume that (b) is fulﬁlled. We deﬁne four pairwise disjoint
open sets:
G0
df= int[ f = 0],
G1
df= int[ f  0] \ clG0,
G2
df= int[ f  0] \ clG0,
G3
df= int cl[ f > 0] ∩ int cl[ f < 0].
The construction of the sequence ( fn) ⊂ Q(X) such that f =∏∞n=1 fn will consist of four steps.
Step 1. We verify that the set P
df= X \⋃3j=0 G j is nowhere dense.
Step 2. We construct quasi-continuous functions f1 and f2 such that
f1 f2 = f χP +χX\P . (4)
Step 3. For j ∈ {0,1,2,3}, we construct a sequence ( f j,n) ⊂ Q(clG j) such that
• f (x) =∏∞n=1 f j,n(x) for each x ∈ G j ,• f j,n(x) = 1 for each n ∈ N and each x ∈ bdG j .
Step 4. For each n > 2, we deﬁne
fn(x)
df=
{
f j,n−2(x) if x ∈ G j , j ∈ {0,1,2,3},
1 if x ∈ P , (5)
and verify that fn ∈ Q(X).
It is evident that then f =∏∞n=1 fn . This will complete the proof of Theorem 10.
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Since bdG0 is nowhere dense, V
df= G \ bdG0 = ∅. Hence
V ⊂ X \ (clG0 ∪ G2) ⊂ X \ int[ f  0] = cl[ f > 0].
Similarly V ⊂ cl[ f < 0]. It follows that V ∩ G3 = V = ∅, contradicting our assumption. 
In Step 2 we need a lemma.
Lemma 11. Let K be nowhere dense and let W be open with K ⊂ bdW . There exists an open set U ⊂ W such that K ⊂ clU ∩
cl(W \ clU ) and clU ⊂ W ∪ cl K .
Proof. We proceed by induction. Fix an n ∈N, and assume that for each m < n, we have already deﬁned an open set Um in
such a manner that
clUm ⊂ Em df= W ∩ B(K ,1/m) \
(
cl K ∪
⋃
k<m
clUk
)
(6)
and dist(t,Um) 1/m for each t ∈ K .
Let Tn be a maximal subset of the set
En
df= W ∩ B(K ,1/n) \
(
cl K ∪
⋃
k<n
clUk
)
with the property that
(x, y) > 1/n for all distinct x, y ∈ Tn.
Clearly Tn is closed. Find an open set Un ⊃ Tn such that clUn ⊂ En . Then (6) is fulﬁlled for m = n.
Let t ∈ K . By assumptions, t ∈ cl En . So, there is a sequence (tk) ⊂ En convergent to t . Since Tn is maximal, dist(tk, Tn)
1/n for each k. Consequently, dist(t,Un) dist(t, Tn) 1/n. This completes the induction step.
Deﬁne
U
df=
∞⋃
n=1
U2n.
By construction, U is open and U ⊂ W . Moreover
clU =
∞⋂
m=1
(
m−1⋃
n=1
clU2n ∪ cl
∞⋃
n=m
U2n
)
⊂
∞⋂
m=1
(
W ∪ cl B(K ,1/(2m)))= W ∪ cl K .
For each t ∈ K , by construction, we have
dist(t,U ) inf
{
dist(t,U2n): n ∈N
}= 0;
i.e., t ∈ clU . Similarly, since W \ clU ⊃⋃∞n=1 U2n−1, we have K ⊂ cl(W \ clU ) as well. This completes the proof. 
Proof of (b)⇒ (a), Step 2. Put W0 df= X \ P . For each k ∈ N, use Lemma 11 to ﬁnd an open set Uk ⊂ Wk−1 ∩ B(P ,1/k) such
that P ⊂ clUk ∩ clWk , where
Wk
df= Wk−1 ∩ B(P ,1/k) \ clUk,
and
clUk ⊂
(
Wk−1 ∩ B(P ,1/k)
)∪ P .
We have constructed a sequence (Uk), consisting of open sets disjoint from P , such that clUk ∩ clUm = P whenever
k <m. Observe that
cl
∞⋃
k=1
Uk =
∞⋂
m=1
(
m−1⋃
k=1
clUk ∪ cl
∞⋃
k=m
Uk
)
⊂
∞⋂
m=1
( ∞⋃
k=1
clUk ∪ cl B(P ,1/m)
)
=
∞⋃
k=1
clUk ∪ P . (7)
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f1(x)
df=
⎧⎨
⎩
qk if x ∈ clUk \ P , k ∈N,
f (x) if x ∈ P ,
1 otherwise,
f2(x)
df=
{
1/qk if x ∈ clUk \ P , k ∈N,
1 otherwise.
Then clearly (4) holds. We shall prove that f1 is quasi-continuous, the proof for f2 being even simpler.
Fix an x ∈ X , an ε > 0, and an open set U  x. If x ∈ P , then we choose a nonzero rational qk ∈ ( f (x) − ε, f (x) + ε). By
construction, V
df= U ∩ Uk is a nonvoid open subset of U . Clearly osc( f , {x} ∪ V ) = | f (x) − qk| < ε.
If x ∈ clUk for some k ∈ N, then V df= U ∩ Uk is a nonvoid open subset of U such that osc( f , {x} ∪ V ) = 0< ε.
If none of the above holds, then by (7), x ∈ X \ cl⋃∞k=1 Uk . So, f1 = 1 in an open neighborhood of x and f1 is continuous
at x. 
In Step 3 we need two more lemmas. The ﬁrst is a bit technical.
Lemma 12. Let A ⊂ X and let ϕ ∈ B(A) be nonnegative. There is a sequence (hn) ⊂ Cq(A), consisting of bounded functions, such that
exp◦hn → ϕ and∣∣hn+1(x) − hn(x)∣∣< 1 for each x ∈ A and each n ∈N. (8)
Proof. Let ( fn) be a sequence of cliquish functions pointwise convergent to ϕ . (See [2, Remark 2].) For each n, let
gn
df= ln◦max{min{ fn,n},1/n}.
Observe that
exp◦gn =max
{
min{ fn,n},1/n
}→ max{min{ϕ,∞},0}= ϕ. (9)
Put g0
df= χ∅ and i0 df= 0.
For each n ∈N, do the following. Let Mn ∈N be such that∣∣gn(x) − gn−1(x)∣∣< Mn for each x ∈ A.
Put in
df= in−1 + Mn . For each i ∈ {in−1 + 1, . . . , in}, deﬁne
hi
df= gn−1 + (i − in−1) · gn − gn−1
Mn
.
In this manner we deﬁned a sequence (hn) ⊂ Cq(A). Clearly (8) holds. To complete the proof ﬁx an x ∈ A. For each n ∈ N
and each i ∈ {in−1 + 1, . . . , in}, the number
hi(x) = in − i
Mn
gn−1(x) + i − in−1
Mn
gn(x)
belongs to the interval with endpoints gn−1(x) and gn(x). Consequently by (9), exp(hi(x)) → ϕ(x). 
The second lemma is actually the assertion of Step 3 for j  1.
Lemma 13. Let G be an open set and let ϕ ∈ B(G) be nonnegative. There is a sequence (ϕn) ⊂ Q(clG) such that
• ϕ(x) =∏∞n=1 ϕn(x) for each x ∈ G,• ϕn(x) = 1 for each n ∈N and each x ∈ bdG.
Proof. Let (Fn) be an ascending sequence of closed sets with
⋃∞
n=1 Fn = G . Put F0 df= ∅. For each n ∈N, construct a nonneg-
ative continuous function ψn: clG → R such that ψn = 1 on Fn and ψn = 0 on bdG .
Let (hn) ⊂ Cq(clG) be a sequence of bounded functions such that
exp◦hi(x) →
{
ϕ(x), if x ∈ G ,
1, if x ∈ bdG ,
and |hn+1(x)−hn(x)| < 1 for each x ∈ clG and each n ∈ N. (See Lemma 12.) Put h0 df= χ∅ and i0 df= 0. We proceed by induction.
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• ∑ims=1 gs(x) = hm(x) for each m < n and each x ∈ Fm ,
• |∑is=im−1+1 gs(x)| |hm(x) − hm−1(x)| + 1/m for each m < n, each x ∈ Fm−1, and each i ∈ {im−1 + 1, . . . , im},• gi(x) = 0 for each i  in−1 and each x ∈ bdG .
Use [3, Theorem 4.1] to ﬁnd bounded functions gn,1, gn,2 ∈ Q(clG) such that
gn,1 + gn,2 = hn −
in−1∑
s=1
gs. (10)
Let Mn ∈ N be such that
max
{∣∣gn,1(x)∣∣, ∣∣gn,2(x)∣∣}< Mn for each x ∈ clG . (11)
Put in
df= in−1 + 2nMn . For each i ∈ {in−1 + 1, . . . , in}, deﬁne
gi
df= min{max{g/(nMn),−ψn},ψn},
where g = gn,1 if i is odd, and g = gn,2 in the opposite case.
To complete the induction step, ﬁx an i ∈ {in−1 + 1, . . . , in}. One can easily see that gi ∈ Q(clG), gi is bounded, and
gi(x) = 0 for each x ∈ bdG . For each x ∈ Fn , by (10) and (11),
in∑
s=1
gs(x) =
in−1∑
s=1
gs(x) + nMn
(
gn,1(x)/(nMn) + gn,2(x)/(nMn)
)= hn(x).
Meanwhile for each x ∈ Fn−1, by the induction assumption,
gn,1(x) + gn,2(x) = hn(x) − hn−1(x),
whence by (11),∣∣∣∣∣
i∑
s=in−1+1
gs(x)
∣∣∣∣∣ i − in−12 · |hn(x) − hn−1(x)|nMn + Mn/(nMn)

∣∣hn(x) − hn−1(x)∣∣+ 1/n.
In this manner we deﬁned a sequence (gn) ⊂ Q(clG). For each n ∈ N, deﬁne ϕn df= exp◦gn; then clearly ϕn ∈ Q(clG) and
ϕn(x) = 1 for each x ∈ bdG .
To complete the proof ﬁx an x ∈ G . We need to show that ϕ(x) =∏∞n=1 ϕn(x). Fix an ε > 0. We consider two cases.
First assume ϕ(x) > 0. Choose an n0 > 4/ε such that x ∈ Fn0−1 and∣∣lnϕ(x) − hn(x)∣∣< ε/4 for each n n0.
Take any i > in0 . Then in−1 < i  in for some n > n0. By construction,∣∣∣∣∣lnϕ(x) − ln
i∏
s=1
ϕs(x)
∣∣∣∣∣=
∣∣∣∣∣lnϕ(x) − hn−1(x) −
i∑
s=in−1+1
gs(x)
∣∣∣∣∣

∣∣lnϕ(x) − hn−1(x)∣∣+ ∣∣hn(x) − hn−1(x)∣∣+ 1/n
< 2
∣∣lnϕ(x) − hn−1(x)∣∣+ ∣∣lnϕ(x) − hn(x)∣∣+ ε/4< ε.
Now let ϕ(x) = 0. Choose an n0 ∈N such that x ∈ Fn0−1 and
hn(x) < lnε − 2 for each n n0.
Take any i > in0 . Then in−1 < i  in for some n > n0. Proceeding as in the ﬁrst case, we obtain
ln
i∏
s=1
ϕs(x) hn−1(x) +
∣∣hn(x) − hn−1(x)∣∣+ 1/n < lnε.
Consequently,
∏i
s=1 ϕs(x) < ε. 
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construct the sequence (ϕn), and deﬁne f j,n
df= ϕn for each n.
If j = 2, then f  0 on G j . Use Lemma 11 to ﬁnd an open set U ⊂ G2 such that bdG2 ⊂ clU ∩cl(G2 \clU ). Use Lemma 13
with ϕ = − f G2 and G = G2 to construct the sequence (ϕn). Deﬁne
f2,1
df= (2χclU − 1)clG2, f2,2 df= (−2χG2∩clU + 1)clG2,
f2,n
df= ϕn−2 for each n > 2.
Finally let j = 3. Use Lemma 13 with ϕ = | f |G3 and G = G3 to construct the sequence (ϕn). By (1), the set G3 ∩A f =
G3 ∩ [ f = 0] is meager. Write this set as the union of an ascending sequence of nowhere dense sets, (Kn). For each n, use
Lemma 11 to ﬁnd an open set Un ⊂ G3 \ cl Kn such that
cl Kn ∪ bdG3 ⊂ clUn ∩ cl(G3 \ clUn).
Deﬁne ψ: clG3 →R by
ψ(x)
df=
{−1 if x ∈ G3 and f (x) < 0,
1 otherwise.
Put ψ0
df= χX and K0 df= ∅. For each n ∈ N, do the following.
Deﬁne the function ψn: clG3 →R by
ψn(x)
df=
⎧⎪⎨
⎪⎩
ψ(x)/
∏n−1
s=0 ψs(x) if x ∈ cl Kn \ (cl Kn−1 ∪ bdG3),
1 if x ∈ (clUn \ cl Kn) ∪ cl Kn−1 ∪ bdG3,
−1 otherwise.
Then |ψn| = 1 on clG3 and ψn = 1 on bdG3. Observe that
m∏
s=1
ψs(x) = ψ(x) for each k ∈N, each x ∈ Kk , and eachm k. (12)
Indeed, let k ∈ N, x ∈ Kk , and m  k. Then x ∈ cl Kl \ cl Kl−1 for some l  k. By deﬁnition, ψl(x) = ψ(x)/∏l−1s=0 ψs(x) and
ψn(x) = 1 for each n > l. So, ∏ms=1 ψs(x) = ψ(x).
Now we will show that ψn ∈ Q(clG3). For this, ﬁx an x ∈ clG3 and an open set U  x. If x ∈ cl Kn , then V ′ df= U ∩ Un and
V ′′ df= U ∩ G3 \ clUn are nonvoid open subsets of U , and osc(ψn, {x} ∪ V ′) = 0 or osc(ψn, {x} ∪ V ′′) = 0.
If x ∈ clUn \ cl Kn , then V df= U ∩ Un is a nonvoid open subset of U such that osc(ψn, {x} ∪ V ) = 0.
Otherwise x ∈ G3 \ clUn . Then ψn = −1 in an open neighborhood of x and ψn is continuous at x. We have proved that
ψn is quasi-continuous.
Finally deﬁne
f3,n
df=
{
ϕ(n+1)/2 if n is odd,
ψn/2 if n is even.
Then each function f3,n is quasi-continuous and f3,n(x) = 1 for each n ∈ N and each x ∈ bdG3. Fix an x ∈ G3. To complete
the proof of Step 3 we shall show that f (x) =∏∞n=1 f3,n(x).
Fix an ε > 0. Choose an n0 ∈ N such that∣∣∣∣∣∣∣ f (x)∣∣−
n∏
s=1
ϕs(x)
∣∣∣∣∣< ε for each n n0. (13)
If f (x) = 0, then let n 2n0. Write n as n = 2m + i, where m ∈N and i ∈ {0,1}. We have∣∣∣∣∣ f (x) −
n∏
s=1
f3,s(x)
∣∣∣∣∣=
∣∣∣∣∣
m+i∏
s=1
ϕs(x)
∣∣∣∣∣< ε.
In the opposite case x ∈ Kk for some k ∈ N. Let n  2max{n0,k}. Write n as n = 2m + i, where m ∈ N and i ∈ {0,1}. By
(12) and (13),∣∣∣∣∣ f (x) −
n∏
s=1
f3,s(x)
∣∣∣∣∣=
∣∣∣∣∣∣∣ f (x)∣∣ · sgn f (x) −
m+i∏
s=1
ϕs(x) ·
m∏
s=1
ψs(x)
∣∣∣∣∣=
∣∣∣∣∣∣∣ f (x)∣∣−
m+i∏
s=1
ϕs(x)
∣∣∣∣∣< ε.
The proof is complete. 
3108 K. Chmielewska, A. Maliszewski / Topology and its Applications 156 (2009) 3101–3108Proof of (b)⇒ (a), Step 4. Let n > 2 and deﬁne fn by (5). To prove that fn is quasi-continuous ﬁx an x ∈ X , an ε > 0, and
an open set U  x. Since P is nowhere dense, x ∈ clG j for some j ∈ {0,1,2,3}. Using that f j,n−2 ∈ Q(clG j), we can ﬁnd a
nonvoid open set V ⊂ U ∩ G j such that
osc
(
fn, {x} ∪ V
)= osc( f j,n−2, {x} ∪ V )< ε.
This completes the proof. 
We have proved Theorem 10. Now we shall verify that cliquish functions fulﬁll (1).
Corollary 14. Cq(X) ⊂ ΠB1(Q(X)).
Proof. Let f ∈ Cq(X). Then clearly f ∈ B(X). To prove (1), write A f as the union of a sequence, (An), where
An
df= cl[ f > 0] ∩ cl[ f < 0] ∩ [| f | > 1/n].
We will show that each An is nowhere dense.
Indeed, suppose that U
df= int cl An = ∅ for some n ∈N. Then for each nonvoid V ⊂ U ,
V ∩ [ f > 0] = ∅, V ∩ [ f < 0] = ∅, V ∩ [| f | > 1/n] = ∅,
whence osc( f , V ) > 1/n. It follows that f /∈ Cq(X), contradicting our assumption. So, A f is meager. 
Using Remark 9 and the above corollary, we get:
Corollary 15. ΠB2(Q(X)) = B(X).
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